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It is well known that each pair of commuting linear operators on
a ﬁnite dimensional vector space over an algebraically closed ﬁeld
has a common eigenvector. We prove an analogous statement for
derivations of k[x] and k[x, y] over any ﬁeld k of zero characteristic.
In particular, if D1 and D2 are commuting derivations of k[x, y] and
they are linearly independent over k, then either (i) they have a
common polynomial eigenfunction; i.e., a nonconstant polynomial
f ∈ k[x, y] such that D1(f ) = λf and D2(f ) = μf for some λ,μ ∈
k[x, y], or (ii) they are Jacobian derivations
Du(g) :=
∣∣∣∣∣∣
∂u
∂x
∂u
∂y
∂g
∂x
∂g
∂y
∣∣∣∣∣∣ , Dv(g) :=
∣∣∣∣∣∣
∂v
∂x
∂v
∂y
∂g
∂x
∂g
∂y
∣∣∣∣∣∣
for all g ∈ k[x, y]
deﬁnedby someu, v ∈ k[x, y] forwhichDu(v) is a nonzero constant.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Each pair of commuting linear operators on a ﬁnite dimensional vector space over an algebraically
closed ﬁeld has a common eigenvector. We extend this well-known statement to almost all of the
commuting derivations of the polynomial ring in one or two variables.
A k-derivation of the polynomial ring k[X] := k[x1, . . . , xn] over a ﬁeld k is a k-linear map D :
k[X] → k[X] that satisﬁes the Leibniz rule:

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D(fg) = D(f )g + fD(g) for all f , g ∈ k[X].
By [3, Theorem 1.2.1], D is uniquely represented in the form
P1
∂
∂x1
+ P2 ∂
∂x2
+ · · · + Pn ∂
∂xn
, P1, . . . , Pn ∈ k[X]. (1)
A nonconstant polynomial F ∈ k[X] is called a Darboux polynomial or a polynomial eigenfunction with
a polynomial eigenvalue λ ∈ k[X] of a derivation D if D(F) = λF . Some properties of Darboux poly-
nomials can be found in [3, Chapter2] and [6]. If k has characteristic 0, then for each n there are
derivations of k[x1, . . . , xn]without Darboux polynomials (see [3, Chapter13] or [5]). For example, the
derivation d/dx of k[x] and thederivation ∂
∂x
+ (xy + 1) ∂
∂y
of k[x, y]havenoDarbouxpolynomials (see
[3, Example 13.3.4]).
In this paper we ﬁnd conditions under which a pair of commuting derivations of k[x] or k[x, y]
has a common Darboux polynomial. This problem is senseless if k has characteristic p > 0 since all
derivations have the common Darboux polynomial xp with zero eigenvalue. Thus we will assume that
k is a ﬁeld of characteristic 0.
2. Derivations of k[x]
The following theorem ensures that two nonzero commuting derivations D1 and D2 of k[x] have a
common Darboux polynomial if and only if D1 = cD2 with c ∈ k.
Theorem 1. Let Fd/dx and Gd/dx be nonzero derivations represented in the form (1) of the polynomial
ring k[x] over a ﬁeld k of characteristic zero. Then
(i) Fd/dx and Gd/dx commute if and only if G = cF and 0 /= c ∈ k.
(ii) Fd/dx and Gd/dx have a common Darboux polynomial if and only if F and G are not coprime.
Proof
(i) Let Fd/dx and Gd/dx commute; that is,
F
d
dx
· G d
dx
= G d
dx
· F d
dx
.
Then
F
dG
dx
d
dx
+ FG d
2
dx2
= GdF
dx
d
dx
+ GF d
2
dx2
,
F
dG
dx
= GdF
dx
,
d(F/G)
dx
= 0 and so F
G
= c ∈ k.
Conversely, Fd/dx commutes with cFd/dx, 0 /= c ∈ k.
(ii) Let Fd/dx and Gd/dx have a common Darboux polynomial h; that is,
F
dh
dx
= λh, G dh
dx
= μh for some λ,μ ∈ k[x].
By [3, Proposition 2.2.1],we can assume that h is irreducible. Since deg dh/dx < deg h, the polynomials
dh/dx and h are coprime. Thus, h divides F and analogously h divides G.
Conversely, if F and G are divided by a nonconstant polynomial u; that is, F = F1u and G = G1u,
then
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F
du
dx
= u · F1 du
dx
, G
du
dx
= u · G1 du
dx
.
Thus, u is a common Darboux polynomial for Fd/dx and Gd/dx. 
3. Derivations of k[x, y]
Each u ∈ k[x, y] deﬁnes the Jacobian derivation Du of k[x, y] as follows:
Du(f ) :=
∣∣∣∣∂u/∂x ∂u/∂y∂ f /∂x ∂ f /∂y
∣∣∣∣ for all f ∈ k[x, y]. (2)
Theorem 2. Let D1 and D2 be commuting derivations of k[x, y] over a ﬁeld k of characteristic zero. If D1
and D2 are linearly independent over k, then one and only one of the following statements is true:
(a) D1 and D2 have a common Darboux polynomial;
(b) D1 = Du and D2 = Dv (deﬁned in (2)) for some u, v ∈ k[x, y] such that Du(v) is a nonzero constant.
Theorem 2 is the main result of this paper; it is proved in the next section.
Each Jacobian derivationDu of k[x, y] has a Darboux polynomial with eigenvalue 0 sinceDu(u) = 0.
ByTheorem2, eachpairof linearly independent commutingderivationsofk[x, y] consistsofderivations
that have a Darboux polynomial, which implies the following corollary.
Corollary 3. If D is a derivation of k[x, y] that does not have anyDarboux polynomials, then each derivation
commuting with D has the form aD, a ∈ k.
4. Proof of Theorem 2
Every derivationD of k[x, y] is naturally extended to the ﬁeld k(x, y) of rational functions as follows:
D
(
f
g
)
:= D(f )g − fD(g)
g2
for all f , g ∈ k[x, y]. (3)
We say that a derivation
P
∂
∂x
+ Q ∂
∂y
, P, Q ∈ k[x, y],
(represented in the form (1)) is reduced if P and Q are coprime polynomials.
Lemma 4. Let D1 and D2 be commuting derivations of k[x, y] that are linearly dependent over the ring
k[x, y]. Then there exist f , g ∈ k[x, y] and a reduced derivation D such that
D1 = fD, D2 = gD and D
(
f
g
)
= 0. (4)
Proof. Represent D1 and D2 both in the form (1)
D1 = P1 ∂
∂x
+ Q1 ∂
∂y
, D2 = P2 ∂
∂x
+ Q2 ∂
∂y
and in the form
D1 = μ1D1, D2 = μ2D2, μ1,μ2 ∈ k[x, y],
in which D1 and D2 are reduced derivations and μi(i = 1, 2) is the greatest common divisor of Pi and
Qi. Since αD1 + βD2 = 0 for some α,β ∈ k[x, y] such that α /= 0 or β /= 0, we have
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λ1D1 + λ2D2 = 0,
in which λ1 := αμ1 and λ2 := βμ2. Thus,
λ1P1 + λ2P2 = 0, λ1Q1 + λ2Q2 = 0, (5)
where Pi := Pi/μi and Qi := Qi/μi (i = 1, 2). By (5),
λ2
λ1
= −P1
P2
= −Q1
Q2
and therefore P1Q2 = P2Q1. Since Q2 and P2 are coprime polynomials, we have
P1 = λP2, Q1 = λQ2 for some λ ∈ k[x, y].
In the same way,
P2 = νP1, Q2 = νQ1 for some ν ∈ k[x, y].
Thus, 0 /= λ ∈ k and D2 = λD1. Write D := D1 and obtain
D1 = fD, D2 = gD for some f , g ∈ k[x, y].
Suppose now that D1 and D2 commute. Then for each u ∈ k[x, y]
D1(D2(u)) − D2(D1(u)) = fD(gD(u)) − gD(fD(u))
= fD(g)D(u) + fgD2(u) − gD(f )D(u) − gfD2(u)
= (fD(g) − gD(f ))D(u) = 0.
This ensures (4) due to (3). 
The divergence of a derivation
D = P ∂
∂x
+ Q ∂
∂y
on k[x, y] is the polynomial
divD := ∂P
∂x
+ ∂Q
∂y
.
The following lemma is a special case of [2, Theorem 2.4] if k = C.
Lemma 5. Let
D1 = P1 ∂
∂x
+ Q1 ∂
∂y
, D2 = P2 ∂
∂x
+ Q2 ∂
∂y
(6)
be commuting derivations of k[x, y] over any ﬁeld k. Write
 :=
∣∣∣∣P1 Q1P2 Q2
∣∣∣∣ . (7)
Then
D1() =  · divD1, D2() =  · divD2. (8)
Proof. Since D1 and D2 commute, D1(D2(f )) = D2(D1(f )) for all f ∈ k[x, y]. Taking f = x and f = y,
we obtain
D1(P2) = D2(P1), D1(Q2) = D2(Q1). (9)
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Then
D1() =
∣∣∣∣D1(P1) D1(Q1)P2 Q2
∣∣∣∣ +
∣∣∣∣ P1 Q1D1(P2) D1(Q2)
∣∣∣∣
=
∣∣∣∣D1(P1) D1(Q1)P2 Q2
∣∣∣∣ +
∣∣∣∣ P1 Q1D2(P1) D2(Q1)
∣∣∣∣
= Q2D1(P1) − P2D1(Q1) + P1D2(Q1) − Q1D2(P1).
Substituting (6) gives
D1() = Q2(P1P′1x + Q1P′1y) − P2(P1Q ′1x + Q1Q ′1y)
+ P1(P2Q ′1x + Q2Q ′1y) − Q1(P2P′1x + Q2P′1y)
= P1Q2P′1x − Q1P2P′1x + P1Q2Q ′1y − Q1P2Q ′1y
=
∣∣∣∣P1 Q1P2 Q2
∣∣∣∣ P′1x +
∣∣∣∣P1 Q1P2 Q2
∣∣∣∣Q ′1y
=  · divD1,
which proves the ﬁrst equality in (8). The second is proved analogously. 
For each u, v ∈ k[x, y], write
δ(u, v) :=
∣∣∣∣∂u/∂x ∂u/∂y∂v/∂x ∂v/∂y
∣∣∣∣ . (10)
Lemma 6. Let Du and Dv be Jacobian derivations of k[x, y] such that δ(u, v) is a nonzero constant. Then
Du and Dv have no common Darboux polynomials.
Proof. Due to (1), the set W2(k) of all derivations of k[x, y] is a free k[x, y]-module with the basis
∂/∂x, ∂/∂y. Since δ(u, v) = c ∈ k is nonzero, Du, Dv is also a free basis of W2(k) (see [3, Proposition
2.5.1]). Therefore, the derivations ∂/∂x and ∂/∂y can be represented in the form
∂
∂x
= α1Du + α2Dv, ∂
∂y
= α3Du + α4Dv for some α1, . . . ,α4 ∈ k[x, y].
If F is a common Darboux polynomial of Du and Dv, then F is also a common Darboux polynomial
of ∂/∂x and ∂/∂y; that is,
∂F
∂x
= λ1F, ∂F
∂y
= λ2F for some λ1, λ2 ∈ k[x, y],
which is impossible since ∂F/∂x or ∂F/∂y is nonzero. 
Proof of Theorem 2. Let D1 and D2 be commuting derivations of k[x, y] represented in the form (6).
Let D1 and D2 be linearly independent over k. Consider the determinant  deﬁned in (7).
Case 1:  = 0. Then the rows of (7) are linearly dependent over k[x, y] and hence αD1 + βD2 = 0
for someα,β ∈ k[x, y].By Lemma4, this gives the equalities (4), inwhichD is a reduced derivation and
f , g ∈ k[x, y]. SinceD1 andD2 are linearly independent over k, the rational function f /g is nonconstant.
Extend D to the ﬁeld k(x, y) of rational functions using (3), and obtain f /g ∈ Ker D. By [4, Lemma
2.1], Ker D is relatively algebraically closed subﬁeld of k(x, y) (i.e., Ker D contains all elements of k(x, y)
that are algebraic over Ker D).
Due to [7, Corollary 2] or [1], either Ker D = k(p) for some irreducible polynomial p, or Ker D =
k(p/q) for some irreducible polynomials p and q that are algebraically independent over k. In the
ﬁrst case, p is a common Darboux polynomial for D1 and D2 with zero eigenvalue. In the second case,
D(p/q) = 0 and, by [3, Proposition 2.2.2],
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D(p) = μp, D(q) = μq for some μ ∈ k[x, y];
thus, both p and q are common Darboux polynomials for D1 and D2.
We get the statement (a) of Theorem 2.
Case 2:  /= 0. If  /∈ k, then by Lemma 5,  is a common Darboux polynomial for D1 and D2. We
obtain again the statement (a) of Theorem 2.
Let now 0 /=  ∈ k. Then [8, Proposition 2.2.4] ensures that D1 = Du, D2 = Dv, and  = δ(u, v)
(deﬁned in (10)). We get statement (b) of Theorem 2. Note that the conditions (a) and (b) are mutually
exclusive by Lemma 5. 
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